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Programming 3D Curves with Discretely Constrained
Cylindrical Inflatables

Robert Baines,* Sree Kalyan Patiballa, Benjamin Gorissen, Katia Bertoldi,
and Rebecca Kramer-Bottiglio*

Programming inflatable systems to deform to desired 3D shapes opens up
multifarious applications in robotics, morphing architecture, and
interventional medicine. This work elicits complex deformations by attaching
discrete strain limiters to cylindrical hyperelastic inflatables. Using this
system, a method is presented to solve the inverse problem of programming
myriad 3D centerline curves upon inflation. The method entails two steps:
first, a reduced-order model generates a conceptual solution giving coarse
indications of strain limiter placement on the undeformed cylindrical
inflatable. This low-fidelity solution then seeds a finite element simulation
nested within an optimization loop to further tune strain limiter
parameters. We leverage this framework to achieve functionality through a
priori programmed deformations of cylindrical inflatables, including 3D curve
matching, self-tying knotting, and manipulation. The results hold broad
significance for the emerging computational design of inflatable systems.

1. Introduction

The potential of inflatable systems to assume complex shapes
and interact adaptively with their environment has propelled
them to the forefront of next-generation soft robotics, de-
ployable structures, and medical devices.[1–3] Critical interest
has thus emerged regarding the inverse design of inflatables
and other shape-morphing systems—specifying a deformation,
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and solving for the design parameters, that
is geometric and/or material parameters,
required to achieve this deformation.[4–9] In-
verse design can reduce prototyping time,
material waste, and results in more per-
formant soft systems. Many inverse inflat-
able models have focused on systems com-
posed of materials with a high elastic modu-
lus (making them quasi-inextensible at op-
erating pressure). This hardware choice re-
duces the modeling challenge yet limits the
scope of achievable deformations.[10–13]

Inflatables composed of hyperelastic
material can accommodate large strains,
disposing them to applications requiring
radical shape changes or large forces.[14–19]

Hyperelastic inflatables commonly in-
corporate stiffer material strain limiters,
including mesh, directional fibers, slotted
shells, or varying-modulus rubber on

their surface to direct deformations.[20–23] Simpler deformations
like contraction or extension are well-studied and can be designed
a priori with reduced force or energy-based models.[24–26] Models
like these assume homogeneous deformations throughout the
system, induced by a single strain limiter on an inflatable under-
going typically small (<40%), planar, and axisymmetric deforma-
tions. Similarly, models for specification of curvatures are capable
of programming only planar curves and have been demonstrated
with unidirectionally extending cylinders.[27]

Deformable systems that can inflate into non-homogeneous
3D forms open a more expansive application space. In these
more complex emerging systems, the energetic interplay be-
tween locally stretched surface regions may give rise to topog-
raphy with applications in mechanical camouflage and preci-
sion haptic devices,[28,29] or sinuous 3D curves with applications
in continuum manipulation.[30] Localized strain-limiting entails
boundary effects arising from material compliance mismatch
that raise the required fidelity of a model to capture the deform-
ing inflatable’s mechanical response.

Finite element (FE) analysis has been shown to reliably predict
the behavior of 3D inflating continua outfitted in discrete strain
limiters.[31] FE simulation has recently been used for inverse de-
sign using neural networks to produce surfaces that inflate to
programmed 3D topography.[32] Design strategies reliant entirely
on machine learning however suffer from high computational
expense, which can preclude their unaccompanied implementa-
tion in large-scale inverse design problems or transferability to
systems composed of different materials.
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Figure 1. Adhering discrete strain-limiting patches to the surface of hy-
perelastic inflatable cylinders gives rise to complex and functional forms.
A) Several inflatables fabricated using this technique are shown. B) Image
of prototype inflatable with patches that influence curvature 𝜅 and torsion
𝜏 in extremely non-linear ways based on their dimensions, orientation, and
placement along the continuum surface. The zoomed inset shows how
even a localized 1 mm-wide, 4 cm-long patch can produce curvature that
substantially changes the global morphology of an inflatable at the meter
scale (Inset scale bar: 2 cm; Image scale bar: 15 cm). We propose an in-
verse design pipeline to yield strain limiter design parameters for an unin-
flated cylinder such that when inflated, its centerline matches a user-input
space curve.

Despite recent progress, there is still a dearth of inverse de-
sign models for 3D discretely constrained inflatables, which acts
as a bottleneck to adopting multifunctional soft systems in crit-
ical application spaces. This fact motivates a framework capable
of capturing nuanced mechanics for solution accuracy yet able to
generate conceptual solutions in reduced time. Here, we present
such a framework and evaluate it by focusing on a useful, albeit
relatively unexplored case of elongated inflated cylinders clad in
discrete strain-limiting “patches.” The number, dimensions, lo-
cations, and orientations of patches placed on the cylinder may be
tuned to coerce myriad space curves (Figure 1, Video 1, Support-
ing Information), with applications ranging from shape match-
ing, manipulation, navigation, to self-tying knots. Our inverse
method solves for patch design parameters to be placed on an
uninflated cylinder such that the centerline of the inflated cylin-
der closely approximates a user-input space curve.

Starting with a user-input space curve ( ∈ ℝ3), we use kine-
matics to generate a conceptual solution for strain limiter place-
ment and heights on the uninflated geometry. Next, the concep-
tual solution seeds an FE simulation nested within an optimiza-
tion structure that tunes strain limiter placement and dimen-
sions. The conceptual solution emerges from a reduced-order
model that provides intuition about the mechanics that govern
elongate hyperelastic inflatables clad in discrete strain limiters;
furthermore, seeding the FE optimization loop with this concep-
tual solution reduces the design search space, facilitating faster
convergence on valid parameters than using FE alone.

2. Results and Discussion

Rectangular strain-limiting patches i = 1 … n with dimensions Hi
× Wi are placed on an undeformed cylindrical inflatable of length
L at positions [Xi,Yi] (on the developable surface), and angles with
respect to the longitudinal axis Θi (Figure 2). Upon inflation, the
inflatable undergoes large extensional and radial stretches while

Figure 2. Visual depiction of inverse design pipeline, starting with a target
centerline going into kinematic segmentation algorithm, the solution of
which is in turn used to seed a FE simulation nested within an optimization
loop. The output of this pipeline are strain limiter design parameters to
match a target centerline.

the patches influence curvature (𝜅) and torsion (𝜏) of the cen-
terline parameterized by arclength t (see Figure S1, Supporting
Information, for fabrication of inflatables and a typical pressure–
volume curve). Herein, we strive to model the relationship be-
tween patch placement and 𝜅(t) and 𝜏(t) to systematically pro-
gram curves.

The inflation of patch-clad cylindrical inflatables is character-
ized by multiple snap-through instabilities. The first of these in-
stabilities is associated with the inflatable reaching a critical pres-
sure and developing an initial bulge.[33] Subsequent snap-troughs
arise from overcoming local stiffness discontinuities due to the
presence of patches.[34] Once the air bulge has propagated to the
cylinder’s distal tip, the inflatable assumes its fully inflated shape.
This state of static equilibrium during the first inflation cycle, in
which curvature caused by patches is fully “activated,” is the con-
cern in this work (see Note S1, Supporting Information, for more
discussion on inflation mechanics of patch-clad inflatables).

2.1. Kinematic Segmentation Algorithm

The first part of our inverse design pipeline is a conceptual so-
lution, enabled by a reduced-order model, which we dub "kine-
matic segmentation algorithm" (KSA). Given a target curve ,
KSA quickly generates coarse estimates of n, ([Xi,Yi]), Hi, and
Θi along an uninflated cylinder, overlooking complexities arising
from material properties. The advantage of KSA is twofold: it pro-
vides insight into the mechanics of the deforming cylinder and an
initial guess for the FE optimization loop to reduce convergence
time due to the highly non-convex search space.

In KSA, first, a discrete Frenet–Serret triad consisting of the
tangent T̄ , normal N̄, and binormal B̄ triad, is calculated for .
We then identify where curvature (𝜅 = ||dT̄∕dl||) exceeds a pre-
defined threshold 𝜅 tol (Note S2, Supporting Information). If a
point exceeds 𝜅 tol, we ascribe that point along the arclength to
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have a patch. Close-by segments within a specified tolerance are
merged, and the axial midpoints of the resulting sections deemed
to have a patch are calculated, indicating the axial midpoint of
a patch in the deformed configuration, yi. Knowing the initial
length of an uninflated cylinder and the length of a target cen-
terline (Lf), we calculate the axial stretch 𝜆 = Lf/L and then find
the patch axial midpoint in the reference configuration Yi = yi/𝜆.
Hi is estimated as the length of the segments that exceed 𝜅 tol.
We estimate Xi using the angle of twist of B̄ along the curve up
to a midpoint of a segment. Similarly, we estimate Θi by calcu-
lating the angle of twist of B̄ through a segment and assuming
the patch angle in the undeformed configuration maps directly
to the centerline twist it exerts in the deformed configuration. Al-
though it rapidly yields a conceptual solution, KSA alone does
not furnish a complete solution because it does not estimate the
width of the patches Wi. The influence of patch parameters on 𝜅

and 𝜏 depends on the patch’s material properties, and the bound-
ary effects between the patch and the inflated cylinder. Both of
these considerations require a model beyond the simplified kine-
matic representation.

2.2. Finite Element Model

An FE simulation nested within an optimization loop constitutes
the second part of the inverse design pipeline. The FE simu-
lations (which were conducted using the commercial package
ABAQUS 2020/Explicit) account for the mechanical boundary
effects and material properties omitted from KSA through non-
linear elasticity; they model the cylindrical inflatable and patches
as isotropic membrane elements governed by hyperelastic con-
stitutive laws (Note S3, Supporting Information). We performed
forward validations to ensure the accuracy of the FE model (Note
Figure S2 and S4, Supporting Information).

In the inverse FE problem, a shape-matching objective is for-
mulated as a minimization of the squared difference between tar-
get and simulation torsion and curvature:

min
Xi,Yi,Hi,Wi,Θi

(
𝜅(t) − 𝜅(t)∗

)2 + (𝜏(t) − 𝜏(t)∗)2 (1)

s.t : Lbi ≤
(
Xi, Yi, Hi, Wi, √i

)
≤ Ubi (2)

Here, * denotes the target values. An optimal solution is com-
puted by searching the design space while satisfying the con-
straints (bounds on reasonable sizes of patches, denoted as Lbi
through Ubi; see Note S5, Supporting Information). Due to the
non-convex search space of the optimization problem and the
number of free variables, we chose an evolutionary algorithm
known as the "co-variance matrix adaptation evolution strategy"
(CMA-ES), which is well-suited to such problems.[35]

2.3. Assessment of Inverse Design Pipeline

We evaluated the inverse design pipeline with four input curves
(Figure 3A–D): Hilbert’s space-filling curve [36] (which is not tra-
ditionally differentiable, but we use a smooth approximation),
two bespoke 3D curves, and an equation-driven curve describ-
ing the contour of a hyperbolic paraboloid (Note S6, Supporting

Information). We crafted inflatables according to the output of
the inverse design pipeline by laser cutting patches and adher-
ing them to the surface of the inflatable. Then, after inflation, we
took a 3D scan of the inflatable from which the centerline was
extracted (Note S7 and Figure S3, Supporting Information).

Results testify that the inverse design pipeline can accurately
generate valid design parameters to approximate a variety of
space curves with diverse torsion and curvature profiles. Due to
the different lengths of target and experimental centerlines, we
used dynamic time warping [37] to quantitatively evaluate similar-
ity (an explanation of dynamic time warping, as well as its value
for each curve’s torsion and curvature as a function of arclength
are tabulated in Note S6, Supporting Information). Calculations
yielded a value averaged over all curves of 0.5887 for curvature,
and 1.4899 for torsion.

The patch-clad inflatables’ successful replication of certain tar-
get curve features, while difficulty in replicating others, eluci-
dates general design considerations for elongate hyperelastic sys-
tems clad in discrete, distributed strain limiters. From the simi-
larity metric provided by dynamic time warping, we remark that
torsion approximation was less accurate than curvature approx-
imation. Additionally, sharp peaks in curvature or torsion over
relatively small distances in arclength prove difficult, owing to
the inability of the inflatable to produce true inflection points or
twist very rapidly. This challenge is embodied in the Hilbert curve
of Figure 3A, which does not consistently reach the full extent
of target curvature and torsion. Another apparent challenge is
maintaining constant 𝜅 or 𝜏 over a sizable span of arclength. For
instance, the inflatable centerline in Figure 3B does not maintain
constant 𝜅 at each peak. Likewise, Figure 3C has small fluctua-
tions in 𝜅 that prevent it from tracking the smooth dip and rise
of the target curve.

We ascertained the performance of the FE simulation alone
and when it was seeded with KSA in generating designs for
Figure 3C. Results show that KSA generates nearby solution
guesses for the patch parameters, limiting the FE search space in
the otherwise rugged energy landscape, and reducing the num-
ber of required iterations to converge on designs which minimize
the objective in Equations (1) and (2) (Note S8 and Figure S4, Sup-
porting Information).

2.4. Applications

Equipped with the inverse design framework, we showcase
how an inflated shape can be harnessed for robotic functional-
ity beyond mere curve matching. First, we created a self-tying
knot (Figure 4A, Video S2, Supporting Information), an appli-
cation necessitating both highly curved deformations and non-
homogeneous inflation, due to the intersections that are present
when mapping the undeformed to the deformed deformation.
Due to a base-to-tip inflation,[38] the inflatable experiences no self-
intersection until it is deflated and the retraction force tightens
the knot. We envision programmable self-tying knots with a sin-
gle input volume that could be used in medicinal applications, to
staunch blood flow, or in deployable structures to rapidly create
architectural fixtures.

Additionally, we demonstrated programmable grasping of
various objects across different length scales using unusual
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Figure 3. Benchmark target centerlines used in assessing the KSA-FE optimization pipeline. The curves span a variety of different curvature and torsion
profiles as a function of arclength. For each we show the resulting inflatable and a 3D pointcloud of the inflatable with a juxtaposed centerline indicating
magnitude of curvature. A) Smooth version of Hilbert’s space-filling curve. Scale bar: 8 cm. B,C) Hand-drawn curves. Scale bars: 11.5 and 7.5 cm,
respectively. D) Equation that describes the contour of a hyperbolic paraboloid surface. Scale bar: 10 cm.

continuum grasp modes (Figure 4B–E, Video S3, Supporting
Information). Programmed helix diameters or hooking curva-
tures also enabled the inflatable to manipulate multiple objects at
once. For instance, tight helices were able to pinch and lift small-
diameter objects, like the nozzle of a soap dispenser (Figure 4B),
whereas looser helices served as a power grasp to extract and sub-
sequently return objects of greater diameter, like plastic pipes,
in a recycling bin (Figure 4C). Multi-object grasping was accom-
plished by programming distributed functional torsion and cur-
vature across the inflatable length. As examples, with an inflat-
able consisting of a single volume, we ensnared and lifted two
buckets (Figure 4D), or encoded helices and hooks to retrieve dis-
parately shaped objects—a pipe and a metallic fixture—from a
recycling bin (Figure 4E). Ultimately, multiple dissimilar object
grasping is viable with the elongate inflatables and holds promise
for robotic manipulation applications.

3. Conclusion

The burgeoning field of soft robotics is rife with soft actuation
technologies that expand the bounds of what is possible in robotic
functionality. Applying strain limiters to the surface of soft volu-
metrically expanding bodies makes it possible to elicit intricate
3D shapes. Despite the ability to easily create them, there is a
distinct lack of principled design methods for these highly non-
linear soft deforming bodies.

With elongated cylindrical systems clad in discrete strain lim-
iters as a model system, we present an inverse design method
that elicits strain limiter parameters required to match target 3D
curves. Programming myriad 3D curves is enabled by the pro-
posed modeling pipeline (akin to initial-guess generation tech-
niques [39,40]) that seeds a high-fidelity FE model with a con-
ceptual solution resulting in a decrease in iterations required to
reach desired levels of objective fitness. Moreover, in inverse de-
sign, FE can often act as a black box, obfuscating intuition of
the design solution,[41,42] which motivates a reduced-order model
to provide intuition to the designer. We quantitatively evaluated
the efficacy of shape matching with several benchmark curves of
varying curvature and torsion profiles, and subsequently demon-
strated how inflation to programmed 3D curves can be harnessed
to interact dexterously in the environment with a single pressur-
ized volume.

There are many exciting avenues related to this study to ex-
plore. For instance, a rich design space is available when patch
directional moduli are left as a free parameter in the optimiza-
tion. Novel shapes could be achievable when the patch geometry
is not constrained to a rectangle but left to vary. Another remain-
ing challenge is to study how trajectories change under dynamic
inflation rather than in quasi-static equilibrium manifolds. Lastly,
considering self-contact in the model would expand utility to ap-
plications with specified force requirements. In the interest of re-
ducing prototyping time, material waste, and stepping toward op-
timal performance, we anticipate such an inverse design method
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Figure 4. Applications. A single volumetrically inflating cylinder clad in discrete strain-limiting patches can accomplish highly dexterous functions.
A) Self-tying knot. B) Grasping and lifting a bottle by a 10 mm diameter nozzle using a tight helix. C) Grasping and lifting a PVC pipe of diameter 40 mm
using a helix with larger radius. D) Simultaneous grasping and lifting of two buckets by exploiting a loop knot. E) Grasping multiple differently shaped
objects using a combination of enveloping and hinge grasps.

could be applied to various other soft systems where modeling
has proven a challenge: soft robotics, smart structures, or more
generally, any field in which inverse design of 3D inflatables may
be applicable (Note S9, Supporting Information).

4. Experimental Section
To make strain-limiting patches, Spandex (Polyester Lycra/Spandex

four-way stretch fabric LY 902, Paylessfabric) was dredged in Liquid Latex
(Kangaroo Monster Liquid Latex) and allowed to cure for 24 h. Patch di-
mensions were drawn as a DXF file and cut from the spandex composite
with a laser cutter (Universal Laser Systems, VLS 2.3). Then, rubber ce-
ment (BestTest White Paper Cement, Bestine) served to adhere the patch
to the cylindrical inflatable (Qualtex 260d balloons), essentially solvent

welding the latex-infused spandex patch to the latex surface. To ensure
complete cure and maximum adhesion waiting was done for 24 h before
inflating. Please see Supporting Information for more details about exper-
iments and simulations.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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